Abstract. We consider the class of evolution equations that describe pseudo-spherical surfaces of the form ut = F (u, ∂u/∂x, ..., ∂ k u/∂x k ), k ≥ 2 classified by Chern-Tenenblat. This class of equations is characterized by the property that to each solution of a differential equation within this class, there corresponds a 2-dimensional Riemannian metric of curvature -1. We investigate the following problem: given such a metric, is there a local isometric immersion in R 3 such that the coefficients of the second fundamental form of the surface depend on a jet of finite order of u? By extending our previous result for second order evolution equation to k-th order equations, we prove that there is only one type of equations that admit such an isometric immersion. We prove that the coefficients of the second fundamental forms of the local isometric immersion determined by the solutions u are universal, i.e., they are independent of u. Moreover, we show that there exists a foliation of the domain of the parameters of the surface by straight lines with the property that the mean curvature of the surface is constant along the images of these straight lines under the isometric immersion.
Introduction
This paper is the third in a series [14, 15] in which we consider the special properties of the local isometric immersions into three-dimensional Euclidean space E 3 of the metrics of constant negative Gaussian curvature K = −1 associated to the solutions u of evolution equations ∂u ∂t = F (u, ∂u ∂x , . . . ,
describing pseudo-spherical surfaces. For reasons that will be explained below, our main interest lies in determining evolution equations (1) for which the components of the second fundamental form of the local isometric immersion depend on u and finitely many of its derivatives only, in other words on a jet of finite order of u.
Recall following Chern and Tenenblat [8] that a partial differential equation ∆ t, x, u, ∂u ∂x , ∂u ∂t , . . . , ∂ k u ∂t l ∂x k−l = 0,
belongs to the class of differential equations describing pseudo-spherical surfaces if there exist 1-forms
where the coefficients f ij , 1 ≤ i ≤ 3, 1 ≤ j ≤ 2, are smooth functions of t, x, u and finitely many derivatives of u with respect to t and x, such that the structure equations for a metric of constant Gaussian curvature K = −1 hold if, and only if, u is a solution of (2) . In this case every smooth solution u : U ⊂ R 2 → R of an equation (2) describing pseudo-spherical surfaces defines on U a Riemannian metric
of constant Gaussian curvature K = −1, with ω 3 being the Levi-Civita connection 1-form of the metric (5) .
An important motivation for the question investigated in this paper comes from the special properties of the sine-Gordon equation
whose well-known integrability properties can be completely accounted for through the perspective of the general theory developed by Chern and Tenenblat. First, it is straightforward to check that the 1-forms
satisfy the structure equations (4) whenever u is a solution of the sine-Gordon equation (6) . The non-zero real parameter η appearing in (7) is directly related to the existence of a one-parameter family of Bäcklund transformation and the existence of infinitely many conservation laws for the sine-Gordon equation. It is thus a key ingredient in the solution of the sine-Gordon equation by the method of inverse scattering. More generally one may consider the general class of partial differential equations describing pseudo-spherical surfaces with the special property that one of the components f ij can be chosen to be a continuous parameter. Such equations are said to describe η pseudo-spherical surfaces. The evolution equations (1) describing η pseudo-spherical surfaces have been completely classified by Chern and Tenenblat in [8] , whenever f 21 = η, F and f ij depend on u and finitely many derivatives of u with respect to t and x. Any differential equation describing η pseudo-spherical surfaces is the integrability condition of a linear system of the form
which may be used to solve the given differential equation by the method of inverse scattering [1] , with η playing the role of the spectral parameter for the scattering problem. It is also shown in [7] that one can generate infinite sequences of conservation laws for the class of differential equations describing η pseudo-spherical surfaces by making use of the structure equations (4), although some of these conservation laws may end up being non-local. Important further developments of these ideas around this theme can be found in [3] , [4] , [6] , [10] - [13] , [16] - [25] . We should also remark at this stage that given a differential equation describing pseudospherical surfaces, the choice of 1-forms satisfying the structure equations (4) is generally not unique. For example the 1-forms given by
which are different from the 1-forms given in (7), will also satisfy the structure equations (4) whenever u is a solution of the sine-Gordon equation (6) . Starting with [14] , we have initiated the study of differential equations describing pseudospherical surfaces from an extrinsic perspective, in which we focus on the properties of the local isometric immersions of the metrics (5) associated to the solutions of the equations. It is indeed a classical result that any metric (5) of constant negative scalar curvature can be locally isometrically immersed in E 3 . For the metrics defined by solutions u : U ⊂ R 2 → R of equations describing pseudo-spherical surfaces, it is thus natural to ask in view of the integrability properties enjoyed by this class of equations if the second fundamental form of the immersion can be expressed in a simple way in terms of the solution u. This turns out to be effectively the case for the sine-Gordon equation (6) . Indeed let us first recall the components a, b, c of the second fundamental form of a local isometric immersion of a pseudo-spherical surface into E 3 are defined by the relations
where the 1-forms ω 13 , ω 23 satisfy the structure equations
equivalent to the Codazzi equations, and the Gauss equation, given by
for a pseudo-spherical surface. For the sine-Gordon equation, with the choice of 1-forms ω 1 , ω 2 and ω 3 = ω 12 given by (8), the 1-forms ω 13 , ω 23 are easily computed to be
We thus observe the remarkable property that the components a, b, c of the second fundamental form depend only on u through some simple, closed-form expressions. It would therefore not be unreasonable to expect a similar property to hold for all equations describing pseudo-spherical surfaces, where the requirement could be relaxed by allowing the coefficients a, b.c of the second fundamental form to depend on u and finitely many of its derivatives. In [14, 15] , we began to investigate the class of differential equations describing pseudo-spherical surfaces from this extrinsic perspective. Thus in [14] , we proved that for second-order equations of the form
∂x 2 ), and
describing η pseudo-spherical surfaces, the only equations for which a, b, c will depend on u and finitely many derivatives of u are given by the sine-Gordon equation (6) , and evolution equations of the form ∂u ∂t
where f 11,u = 0 and f 12, ∂u ∂x = 0, where in the latter case the components a, b, c of the second fundamental form are universal functions of x, t, independent of u. Results of a similar nature were obtained in [2] for third-order equations of the form
. and in [5] for a class of second order evolution equations of type
and for k-th order evolution equations in conservation law form. In [15] , the same question was considered for the evolution equations (1) of order k ≥ 3 classified in [8] , where we proved as a first result that the a, b, c are again necessarily universal functions of x, t, independent of u. Our purpose in the present paper is to complete this analysis by determining the analogue of the form (9) for k-th order evolution equations (1) . We now state our main result: Theorem 1. Except for k-th order evolution equations of the form
where f 11,u = 0 and f 12,
= 0, there exists no k-th order evolution equation of order k ≥ 2 describing η pseudo-spherical surfaces, with 1-forms (3) given as in [8] , with the property that the coefficients of the second fundamental forms of the local isometric immersions of the surfaces associated to the solutions u of the equation depend on a jet of finite order of u. Moreover, the coefficients of the second fundamental forms of the local isometric immersions of the surfaces determined by the solutions u of (10) are universal, i.e., they are universal functions of ηx + βt, independent of u.
This theorem provides further evidence the special place that the sine-Gordon equation appears to occupy amongst all integrable equations from the perspective provided by the theory of differential equations describing η pseudo-spherical surfaces.
We point out that the universal coefficients of the second fundamental forms of the isometric immersions mentioned in Theorem 1 are explicitly given in Proposition 1. We now prove a consequence of our main result. (10), there exists a foliation of the domain of u by straight lines with the property that when the metric of constant negative Gaussian curvature K = −1 associated to u through (5) is locally isometrically immersed as a surface S ⊂ E 3 , the mean curvature of S is constant along the curves defined by the images under the immersion of the lines of this foliation.
Proof. For each solution u of any equation of type (10), the associated 1-forms (3) define a metric with Gaussian curvature K = −1. It follows from Theorem 1 that a local isometric immersion of such a metric into R 3 is determined by the coefficients of the second fundamental form, which are functions of ηx + βt. Now consider (x, t) ∈ R 2 such that the straight line ηx + βt = δ, δ ∈ R is contained in the domain of definition of the immersion. The domain is foliated by such straight lines. For each δ, the image of the straight line is a curve in the surface. Along this curve the coefficients of the second fundamental form are constants determined by δ. Since the mean curvature H of the surface is given by the trace of the second fundamental form, it follows that H is constant along any such curve.
Before proving Theorem 1, we observe that a similar result on the mean curvature of the immersed surface also holds for the main results obtained in [14] and [2] . In fact, the arguments are the same as those used in the proof of the Corollary above.
Proof of Theorem 1
The proof of Theorem 1 is based on an order analysis of the Codazzi and Gauss equations that govern the local isometric immersions of pseudo-spherical surfaces in E 3 , considering in turn each branch of the Chern-Tenenblat classification of k-th order evolution equations describing η pseudo-spherical surfaces [8] . In order to carry out this analysis, one should first express these equations in terms of the components f ij of the 1-forms that appear in the formulation of the problem. These conditions have already been worked out in [14, 15] ; the Codazzi equations read
where
and where the operators D t and D x are total derivative operators, while the Gauss equation is given by ac − b 2 = −1.
(13) In the case of a differential equation describing η pseudo-spherical surfaces (with f 21 = η), the structure equations (4) are equivalent to
where D t and D x are the total derivative operators and
We shall use the notation [8] to denote the derivatives of u with respect to x and write the evolution equation (1) as
We will thus think of (t, x, z 0 , . . . , z k ) as local coordinates on an open set of the submanifold of the jet space J k (R 2 , R) defined by the differential equation (1). We will use the following lemma from [8] which expresses the necessary and sufficient conditions for the structure equations (4) to hold: (1) be a k-th order evolution equation describing η pseudo-spherical surfaces, with associated 1-forms (3) such that f 21 = η. Then necessary and sufficient conditions for the structure equations (4) to hold are given by
and
As stated in the Introduction, Theorem 1 states that the k-th order evolution equation of type (1) describing η pseudo-spherical surfaces are divided into two categories when viewed from the perspective of the local isometric immersions of pseudo-spherical metrics defined by their solutions: either the coefficients of the second fundamental forms are universal functions of x and t, independent u, or the coefficients of the second fundamental form depend of a jet of infinite order of u. In order to prove our theorem, we shall make use of the classification results for k-th order evolution equations describing η pseudo-spherical surfaces given in Theorems 2.2, 2.3, 2.4 and 2.5 in [8] . These theorems considered five groups of equations, summarized and reorganized below, according to the properties of the following functions first introduced in [ (14)- (20) We observe that equations of Groups I and II were treated in Theorem 2.4 (a) and (b) in [8] respectively and equations of Groups III, IV and V were treated in Theorems 2.3, 2.5 and 2.2 in [8] respectively.
If the coefficients a, b, c of the 1-forms ω 13 and ω 23 depend of a jet of finite order of u = z 0 , that is a, b, c are functions of x, t, z 0 , . . . , z l for some finite l, then (11) and (12) become
(f 11 a zi + ηb zi )z i,t = 0, and
In [15] , we showed that if the coefficients of the second fundamental form a, b and c depend on a jet of finite order of u = z 0 , then a, b and c are universal, that is l = 0 and a, b and c depend at most on x and t only. Therefore, equations (11) and (12) become
where a x , b x , c x are the partial derivatives of a, b, c with respect to x, and a t , b t , c t are the partial derivatives of a, b, c with respect to t.
We now consider in turn all the cases listed in Remark 1 and state the conclusion for each case in the form of a proposition. The first proposition pertains to evolution equations in item I of Remark 1.
= 0, be a k-th order evolution equation, k ≥ 2, which describes η pseudo-spherical surfaces with 1-forms ω i as in [8] . There exists a local isometric immersion in R 3 of a pseudo-spherical surface, determined by a solution u, for which the coefficients a, b, c of the second fundamental form depend on a jet of finite order of u if, and only if, the coefficients are universal and are given by
l, γ ∈ R, l > 0 and l 2 > 4γ 2 . The 1-forms are defined on a strip of R where
Moreover, the constants l and γ have to be chosen so that the strip intersects the domain of the solution of the evolution equation.
Proof. For evolution equations of type I, we have f 31 = ±f 11 , f 32 = ±f 12 , f 11,z0 = 0, f 12,z k−1 = 0 and the equation is given by (23) . Moreover, f 22 = β is independent of z 0 , . . . , z k . Equations (21) and (22) become
Since k ≥ 2, differentiating the latter two equations with respect to z k−1 leads to
Note that f 12,z k−1 = 0 by hypothesis, which means that these equations simplify to
Taking into account (30) and (31), equations (28) and (29) become
Differentiating (32) and (33) with respect to z 0 , with f 11,z0 = 0, leads to
and hence, (32) and (33) become
Note that (30) and (34) imply
From (31) and (35), we conclude that
Note that a = 0. Otherwise, if a = 0, then (30) implies that c = 0 and the Gauss equation leads to b = ±1 which contradicts (31). Therefore, from the Gauss equation we have
Then, in view of (38), equations (30) and (34) reduce to
The latter system leads then to
which is defined wherever le ±2(ηx+βt) − γ 2 e ±4(ηx+βt) − 1 > 0. Hence l > 0 and
i.e., a is defined on the strip described by (27). Now, from (39), we obtain
A straightforward computation shows that the converse holds. Finally, we observe that given a solution of the evolution equation, in order to have an immersion, one has to choose the constants l and γ, such that the strip (27) intersects the domain of the solution in R 2 .
Next, we consider the evolution equations covered in item II of Remark 1.
Proposition 2. For k-th evolution equations, k ≥ 2, describing η pseudo-spherical surfaces with associated 1-forms
, where f 31 = λf 11 = 0, and λ 2 = 1, the system of equations (11), (12) and (13) is inconsistent.
Proof. When f 31 = λf 11 = 0, with λ 2 = 1, the structure equations (17), (18) and (19) can be rewritten as
Differentiating (40) with respect to z k leads to f 11,z0 F z k = f 12,z k−1 . Because f 11,z0 = 0 (otherwise (16) would fail) and F z k = 0 (otherwise F is not a k-th order evolution equation), we conclude that f 12,z k−1 = 0. Subtracting λ times equation (40) from (42) leads to
Differentiating the latter with respect to z k leads to
Since k ≥ 2, differentiating equation (41) with respect to z k−1 and taking into account (44) leads to
Differentiating (43) with respect to z k−1 leads to
Substituting f 32,z k−1 by λf 12,z k−1 , which is just equation (44), equation (46) becomes
Because neither of η, λ 2 − 1 and f 12,z k−1 is zero, we conclude that when f 31 = λf 11 = 0 and λ 2 = 1, we have f 32,z k−2 − λf 12,z k−2 = 0.
(47) Consider now equations (21) and (22), which can be written as follows:
Differentiating (48) and (49) with respect to z k−1 and taking into account (45) leads to
Taking into account (44) and the fact that f 12,z k−1 = 0, these two equations reduce to
Substituting the latter two equations in (48) and (49) leads
If k ≥ 3, differentiating these two equations with respect to z k−2 leads to
which can be rewritten as
Since from (47), f 32,z k−2 − λf 12,z k−2 = 0, we can rewrite the two equations in matrix form as follows
Since f 11,z0 = 0, the determinant f 2 11 + η 2 = 0, and hence a − c = b = 0. The latter contradicts the Gauss equation (13) .
When k = 2, the proof of this proposition was given in [14] . Therefore, we conclude that when f 31 = λf 11 = 0, λ 2 = 1 for any k ≥ 2, the system of equations (11), (12) and (13) is inconsistent.
The following Proposition is concerned with the evolution equations covered by item III of Remark 1.
Proposition 3. For k-th evolution equations, k ≥ 2, describing η pseudo-spherical surfaces with associated 1-forms
where either f 11 = 0 or f 31 = 0, the system of equations (11), (12) and (13) is inconsistent.
Proof. i) When f 11 = 0, the structure equations (17), (18) and (19) can be rewritten as follows:
Differentiating (50) with respect to z k leads to f 12,z k−1 = 0. Since k ≥ 2, differentiating (51) with respect to z k−1 , leads to f 22,z k−2 = 0. Differentiating (52) with respect to z k leads to
On one hand, F z k = 0 because the evolution equation F is of order k. On the other hand, f 31,z0 = 0, otherwise (16) is not satisfied. We conclude then that
Equations (21) and (22) become
Differentiating the latter two equations with respect to z k−1 leads to
and since f 32,z k−1 = 0, we conclude that a−c = b = 0, which contradicts the Gauss equation (13) . Therefore, for any k ≥ 2, when f 11 = 0, the system of equations (11), (12) and (13) is inconsistent.
ii) When f 31 = 0, the structure equations (17), (18) and (19) can be rewritten as follows:
Differentiating (55) with respect to z k leads to f 32,z k−1 = 0. Since k ≥ 2, differentiating (54) with respect to z k−1 leads to f 22,z k−2 = 0. Differentiating (53) with respect to z k leads to f 11,z0 F z k = f 12,z k−1 .
On one hand, F z k = 0 because the evolution equation F is of order k. On the other hand, f 11,z0 = 0, otherwise (16) is not satisfied. We conclude then that
Differentiating (57) and (58) with respect to z k−1 and taking into account (56) leads to
With (56), equations (57) and (58) become
Taking into account the fact that f 32,z k−1 = 0, and then differentiating (55) with respect to z k−1 leads to f 32,z k−2 = −ηf 12,z k−1
and because neither η nor f 12,z k−1 vanishes, we have
If k ≥ 3, differentiating then (59) and (60) with respect to z k−2 , then dividing by f 32,z k−2 , and rewriting the two equations in matrix form, leads to
Since f 11,z0 = 0, the determinant f 2 11 + η 2 = 0, and hence a − c = b = 0, which contradicts the Gauss equation (13) .
If k = 2, the proof of this proposition was given in [14] . Therefore, we conclude that for any k ≥ 2, when f 31 = 0, the system of equations (11), (12) and (13) is inconsistent.
Next, we consider the evolution equations in item IV of Remark 1.
Proposition 4. For k-th order evolution equations, k ≥ 2, describing η pseudo-spherical surfaces with associated 1-forms (11), (12) and (13) (17), (18) and (19) . On one hand, subtracting f 31 times (19) from f 11 times (17), and taking into account that H = 0, leads to
On the other hand, subtracting f 31 times (17) from f 11 times (19) leads to
Note that because neither of L and F z k is zero, we have
Observe that since f 2 31 − f 2 11 = C = 0, we conclude that f 11 = 0 and f 31 = 0. In fact, otherwise if f 11 = 0, then f 2 31 = C, which contradicts (16) . Similarly, one shows that f 31 = 0. From (61) and (62), we then conclude that f 12,z k−1 = 0, and f 32,z k−1 = 0. Indeed, if f 12,z k−1 = 0 (resp. f 32,z k−1 = 0) then it follows from (61) that f 32,z k−1 = 0 (resp. f 12,z k−1 = 0) which contradicts (62). We conclude then from (61) that
In light of the above analysis, let's consider (21) and (22) . Since k ≥ 2, differentiating (21) and (22) with respect to z k−1 , and then dividing by f 12,z k−1 = 0, leads to
Taking into account (63) and f 2 31 − f 2 11 = C, these equations reduce to
Differentiating the latter two equations with respect to z 0 leads to Because neither η, C, f 31,z0 and L is zero, the determinant η 2 L 2 + C 2 f 2 31,z0 = 0, and hence a − c = b = 0, which contradicts the Gauss equation (13) . Therefore, we conclude that for any k ≥ 2, when f 2 31 − f 2 11 = C = 0, the system of equations (11), (12) and (13) is inconsistent. Finally, we have the following similar result for the evolution equations in item V of Remark 1.
Proposition 5. For k-th order evolution equations, k ≥ 2, describing η pseudo-spherical surfaces of type (1), with associated 1-forms
where HL = 0, the system of equations (11), (12) and (13) is inconsistent.
Proof. We consider the structure equations (17), (18) and (19 ) . We are assuming that HL = 0, where H = f 11 f 11,z0 − f 31 f 31,z0 and L = f 11 f 31,z0 − f 31 f 11,z0 , hence f 11 = 0 and f 31 = 0. Subtracting f 31 times (19) from f 11 times (17) leads to
while subtracting f 31 times (17) from f 11 times (19) leads to
(f 11 f 32,zi − f 31 f 12,zi )z i+1 + (f 
Since k ≥ 2, differentiating (18) with respect to z k−1 leads to
and hence f 22,z k−2 = 0.
Note that when HL = 0, it follows from (64) and (65) that the expression of F can be written in two equivalent ways: 
Note also that f 11,z0 and f 31,z0 cannot vanish simultaneously, otherwise (16) is not satisfied. Moreover, f 12,z k−1 and f 32,z k−1 cannot simultaneously vanish, otherwise F is not a k-th order evolution equation. Moreover, (17) and (19) imply that f 11,z0 = 0 if, and only if, f 12,z k−1 = 0 and f 31,z0 = 0 if, and only if, f 32,z k−1 = 0. Therefore, if f 11,z0 = 0 then f 12,z k−1 = 0, f 31,z0 = 0 and f 32,z k−1 = 0. Similarly, if f 31,z0 = 0, then f 32,z k−1 = 0, f 11,z0 = 0 and f 31,z k−1 = 0.
where γ and µ are constants. We have then f 32,z k−1 f 12,z k−1 = f 31,z0 f 11,z0 = γ and hence f 32 = λf 12 + ν,
where ν depends on z 0 , ..., z k−2 . Note that (67) and f 12,z k−1 = 0 means that µ = 0. This fact can also be obtained from the non-vanishing of L = −µf 11,z0 = 0.
In light of (78), (79) and (80), equations (76) and (77) become a x = (a − c)ηγ + 2bµ, b x = −(a − c)µ + 2bηγ.
